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Faculty of Mathematics, Kyushu University
1 (NCHO)
(Non-Commutative Harmonic Oscillator $=\mathrm{N}\mathrm{C}\mathrm{H}\mathrm{O}$)
NCHO [A.Parmeggiani-W: Proc. Nat. Acad. Sci. USA,
982001, Forum Math., 142002 $\mathrm{I}$]
$Q_{(\alpha,\beta)}(x, D_{x})$ :
$Q_{(\alpha,\beta)}(x, D_{x}):=A(- \frac{\partial_{x}^{2}}{2}+\frac{x^{2}}{2})+J(x\partial_{x}+\frac{1}{2})$ .
$A=$ , $J=$ , $\partial_{x}=\frac{d}{dx}$ .
$\bullet$ $-2$ $+2$
Heisenberg $[\partial_{x}, x]=1$ Lie
2 $A$ $J$
$[\partial_{x}, x]=1$ $\partial_{x}$ $x$
– NCHO
1
* , December 20, 2004 – (
) ( Mawh 24, 2005).
1L.Boulton et $al$, Lett. Math. Phys. 702004 .
1479 2006 26-39 26
$\bullet$
$\alpha,$ $\beta>0,$ $\alpha\beta>1$ $Q=Q_{(\alpha,\beta)}$ $L^{2}(\mathbb{R})\otimes \mathbb{C}^{2}$
:
$(0<)\lambda_{1}\leq\lambda_{2}\leq\ldots\leq\lambda_{n}\leq\ldotsarrow\infty$ .
$\alpha,$ $\beta>0,$ $\alpha\beta>1$ $A+\sqrt{-1}j$
$\bullet$ $\alpha=\beta$ $Q$ 2 (
intertwiner )
$Q_{(\gamma_{2},\gamma_{2})} \cong\frac{1}{2}(-\partial_{x}^{2}+x^{2})I_{2}$ .
$\bullet$ ? ( $\alpha=\beta$
3 )
3 [Parmeggiani-W. Forum Math., 142002 $\mathrm{I}\mathrm{I}$ ]
. [H.Ochiai: Commun. Math. Phys., 2172(X
$\bullet$ NCHO Heun DE ( 4 Fuchs
) 2




$\{\lambda_{j}\}_{j=1,2},\ldots$ $Q=Q_{(\alpha,\beta)}$ , Dirichlet
$\zeta_{Q}(s):=\sum_{j=1}^{\infty}\lambda_{j}^{-s}$
2 $\mathrm{H}.\alpha \mathrm{h}\mathrm{i}\dot{\mathrm{m}}$ , Lett. Math. Phys. 702004 hd ODE
.
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NCHO [T. Ichinose-W.: Commun. Math. Phys., Published
online: March 152005 ( $[\mathrm{I}\mathrm{W}$:CMP] ), Kyushu J. Math., 592005 (
















1: $j=1,2,$ $\ldots$ $C_{Q,j}$ $n\in \mathrm{N}$ ${\rm Re} s>-2n$
$H_{Q,n}(s)$ :
$\zeta_{Q}(s)=\frac{1}{\Gamma(s)}[_{=\alpha\beta(\alpha\beta-1)}\alpha+\beta\frac{1}{s-1}+\sum_{j=1}^{n}\frac{C_{Q,j}}{s+2j-1}+H_{Q,n}(s)]$ .
$\zeta_{Q}(s)$ $\mathbb{C}$ $s=1$ $s=0,$ $-2,$ $-4,$ $\ldots$
$s=1$
3 , $\zeta_{Q}(s)$ $\zeta(s)$ $\frac{\alpha}{\beta}$ - . , $s\in \mathbb{C}$




Taylor $t/(e^{t}-1)= \sum_{n=0}^{\infty}(B_{n}/n!)t^{n}(|t|<2\pi)$ ( $B_{n}$ Bernoulhh
)
$\zeta(s)=\frac{1}{\Gamma(s)}[\sum_{n=0}^{\infty}\frac{B_{n}}{n!}\cdot\frac{1}{s+n-1}+\int_{1}^{\infty}\frac{t^{\epsilon 1}}{e^{t}1}=\text{ }]$ .
$\bullet$ : $s=0$ $\zeta(s)$ $\zeta_{Q}(s)$
$\zeta_{Q_{(\phi,fl)}}(s)=2(2^{s}-1)\zeta(s)$ compatible
$\bullet$ : $K(t)=K(t, x,y):=e^{-tQ_{(\alpha,\beta)}}(x, y)$





Tr $K(t)\sim c_{-1}t^{-1}+c_{0}+c_{1}t+\mathrm{q}t^{2}+\ldots,$ $t\downarrow \mathrm{O}$
$t^{-1}$
$c_{-1}= \frac{\alpha+\beta}{\sqrt{\alpha\beta(\alpha\beta-1)}}$
$\bullet$ : $Q_{(\alpha,\beta)}$ (resolvent ) [
1 [ $\mathrm{A}$] , A. $\mathrm{P}\mathrm{a}\mathrm{r}\mathrm{m}\mathrm{e}\mathrm{g}\mathrm{g}\mathrm{i}\mathrm{a}\mathrm{I}\dot{\mathrm{V}}$ in progress 4. E. Mizushima (
:2004 2 ) $c_{-1}$ ]




$\overline{44\text{ }\Re \text{ }\Re \text{ ^{}\mathrm{A}}*\text{ }=}$“&tas and LimitLaw”in Okinawa\sim ovem r $2\infty 4$ ) .
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A: $N_{Q}(\lambda)$ ?
$\bullet$ 2: $\lambda_{1}$ Lieb-Thirring [E.Lieb-W.Thirring,
1976 in “Studies in Mathemtical Physics” Eds. B.Simon-A.S.Wightman, Princeton Univ.
Press. H.Araki, Lett. Math. Phys. 191990 ]
Lieb-Thirring : $A\geq 0$ , B\geq 0
Tr $(B^{1/2}AB^{1/2})^{kq}\leq \mathrm{T}\mathrm{r}$ $(B^{q/2}A^{q}B^{q/2})^{k}$ ,
$(q\geq 1, k>0)$
$\min\{\alpha, \beta\}\sqrt{1-\frac{1}{\alpha\beta}}\leq 2\lambda_{1}\leq\max\{\alpha, \beta\}\sqrt{1-\frac{1}{\alpha\beta}}$
$m_{Q}$
$\lambda_{1}$
$m_{Q}\leq 2$ $\lambda_{1}=\frac{1}{2}$ min$\{\alpha,\beta\}\sqrt{1-1/(\alpha\beta)}$ ,
$m_{Q}\geq 2$ $\lambda_{1}=\frac{1}{2}\max\{\alpha, \beta\}\sqrt{1-1/(\alpha\beta)}$ .
$\alpha,$
$\beta$ $m_{Q}=1$ [ Nagatou-N o-W].
\S 3 $\mathrm{h}K(t)$ :
$Q’:=A^{-1/2}QA^{-1/2}$ (
) $A$ $J$ $[\partial_{t}+Q(x, D_{x})]K(t,x, y)=0$
$\zeta_{Q}(s)=\frac{1}{\Gamma(s)}[\int_{0}^{1}+\int_{1}^{\infty}]\ t^{s-1} \mathrm{h}K(t)=:Z_{0}(s)+Z_{\infty}(s)$
$\bullet$ $Z_{\infty}(s)$ $(s)$
$\bullet$ $\psi \mathrm{D}\mathrm{i}\mathrm{f}\mathrm{f}.\mathrm{O}\mathrm{p}$ . $K_{1}(t)$ $(f\in S(\mathbb{R})\otimes \mathbb{C}^{2})$







$\bullet$ $F(t,x, y):=[\partial_{t}+Q]R_{2}(t, x, y)=-[\partial_{t}+Q]K_{1}(t, x, y)$ $(\cdot.\cdot[\partial_{t}+Q]K=0.)$
Duhamel
I $(t)= \int_{0}^{\infty}e^{-(\mathrm{t}-u)Q}F(u)du=K_{2}(t)+R_{3}(t)$.
$K_{2}(t):= \int_{0}^{\infty}du\int K_{1}(t-u, x, z)F(u, z,y)\$ ,






$\cross K_{1}(t-u_{1} -...-u_{m-1})F(u_{m-1})\cdots F(u_{2})F(u_{1})$,
$R_{n+1}(t)= \int_{0}^{t}du_{1}\int_{0}^{t-u_{1}}du_{2}\cdots\int_{0}^{t-u1u2}-\cdots-u_{m-1}$

















$\mathrm{C}$ : $\zeta(s)$ K(t)
$|t|<2\pi$ ?
Riemann $\zeta(s)$ 1859 ($=11\cdot 13^{2}=$ !)
$\zeta_{Q}(s)$ contour
$\bullet$ : $Q=Q_{(\gamma_{2},\eta_{2}}$ $\mathrm{b}K(t)=(\sinh\frac{t}{2})^{-1}$
3
2 $n$ $\zeta_{Q}(n)$ $\alpha/\beta$
$\beta \mathrm{W}:\mathrm{K}\mathrm{J}\mathrm{M}$ ] $\zeta_{Q}(2)$ $\zeta_{Q}(3)$
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\S 1 $\zeta_{Q}(2)$ :
3: $a=\gamma(1-\gamma^{2})^{-1/2},$ $\gamma=(\alpha\beta)^{-1/2}$ .
$\zeta_{Q}(2)=\frac{(\alpha^{-1}+\beta^{-1})^{2}}{2(1-\gamma^{2})}(2^{2}-1)\zeta(2)$
$+ \frac{(\alpha^{-1}-\beta^{-1})^{2}}{2(1-\gamma^{2})}\int_{0}^{\infty}\int_{0}^{\infty}F(t, s;a)dtds$ ,
$F(t, s;a)==(1-e^{-(t+s)})^{2}+a^{2}(1-e^{-2t})(1-e^{-2\epsilon})e^{-(t+s)/2}$ .
:. 1 $cn^{-1}(0)$









5: $w(z):= \sum_{n=0}^{\infty}$ Heun 5
$Dw(z)=0$ , $(w( \mathrm{O})=3\zeta(2), w’(\mathrm{O})=\frac{9}{4}\zeta(2))$
5 S.Yu Slavyan($N- \mathrm{W}.\mathrm{L}\mathrm{a}\mathrm{y}$ , “Special Functions–AUnified Theory B&ed on Singularitied’, Oxford
Univ. Paess $20\infty$ .
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$|z|<1$ (unique)
$\bullet$ $\zeta_{Q}(2)$ $\zeta_{Q}(2)$ $w(z)$ ( 9
$\zeta_{Q}(3)$ ) H. Ochiai 6 –
: Heun DE Gauss
$w(z)= \frac{J_{0}}{1-z}2F_{1}(\frac{1}{2}, \frac{1}{2};1;\frac{z}{z-1})$ $(J_{0}=3 \zeta(2)=\frac{\pi^{2}}{2})$ ,
$\epsilon^{F_{2}}$ $(_{2}F_{1})^{2}$
(Clausen )











$\overline{6\mathrm{A}}$special value of the spectral zeta funcbon of tk $\mathrm{n}\mathrm{o}\mathrm{n}-\infty \mathrm{m}\mathrm{m}\mathrm{u}\mathrm{t}\mathrm{a}\bm{\mathrm{O}}\tau \mathrm{e}$harmonic oaeillator, PoePrint 2004.
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8: $v(z):= \sum_{n=0}^{\infty}J_{n}^{1}z^{n}$ Heun
$Dv(z)= \frac{1}{2}.2F1(1,1, \frac{3}{2};z)$ ,
$(v( \mathrm{O})=7\zeta(3),v’(\mathrm{O})=\frac{1}{4}(21\zeta(3)+2))$
$|z|<1$ (unique) , $2F_{1}(1,1, \frac{3}{2};\sin^{2}x)=\frac{2x}{\sin 2x}$ .




$\mathrm{C}$ : $(_{Q}(3)$ $\zeta_{Q}(2)$ ?–
L. Euler [Opera Omnia, Ser. 1 Vol. 4, pp.14&1441
$\zeta(3)=r(\log 2)^{8}+s\zeta(2)\log 2$
$r,$ $s\in \mathbb{Q}$ $\zeta(2)=\frac{\pi^{2}}{6}$
$\bullet$ Heun DE – :
$w_{n}(z):=2^{n} \int_{0}^{1}$ .. . $\int_{0}^{1}dx_{1}\cdots dx_{n}\frac{1-\prod_{j=1}^{n}x_{j}^{2}}{(1-\prod_{j=1}^{n}x_{j}^{2})^{2}-(1-x_{1}^{4})(1-\prod_{j=2}^{n}x_{j}^{4})z}$.
$w(z)=w_{2}(z),$ $v(z)=w_{3}(z)$ $w_{n}(0)=(2^{n}-1)\zeta(n)$ o
$\mathrm{D}:w_{n}(z)$ ?
$\tilde{D}w_{n}(z)=D_{n^{\mathrm{X}}:_{n}}F_{j_{n}}$ ( $a_{n},$ $b_{n}$ , , . . . ; $z$ ).
$\tilde{D}$ $D$ $w_{2}(z)$




$\bullet u(x, y;z)$ $:= \frac{1-x^{2}y^{2}}{(1-x^{2}y^{2})^{2}-(1-x^{4})(1-y^{4})z}$




$\bullet$ $v(z)= \sum_{n=0}^{\infty}J_{n}^{1}z^{n}$ 4 7
$L:=8z^{2}(1-z)^{3}\partial_{z}^{3}-4z(1-z)^{2}(14z-5)\partial_{z}^{2}+2(1-z)(40z^{2}-29z+2)\partial_{z}-16z^{2}+18z-3$
$Lv(z)=2$ or $\partial_{z}Lv(z)=0$ .
$L$ :
$L=8BD$ .
$B:=z(1-z) \partial_{z}+\frac{1}{2}-z$ 8 Heun
$\varphi(z)=\frac{1}{2}2F_{1}(1,1,3/2;z)$ $B \varphi(z)=\frac{1}{4}$
\S 3 $J_{n}^{1}$





$\overline{7\mathrm{K}.\mathrm{K}\mathrm{i}\mathrm{m}\mathrm{o}\mathrm{t}\triangleright \mathrm{W}.,\mathrm{A}\mathrm{p}\text{\’{e}}\iota \mathrm{y}- \mathrm{h}\mathrm{k}\mathrm{e}}$numbers arising from specid $duae of the $\mathrm{s}\mu \mathrm{c}\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{l}$ zeta fimctioo for non-
commutadve $\mathrm{h}\mathrm{a}\iota \mathrm{T}\mathrm{n}\mathrm{o}\mathrm{n}\mathrm{i}\mathrm{c}$ oaeillators, Poeprint 2005.
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$\zeta(2)$ $\zeta(3)$ (1978 , A \’erisque 611979 F. Beukoers,
$\mathrm{B}\mathrm{u}\mathrm{U}$ . London. Math. Soc. 111979 8) R. $\mathrm{A}\varphi’\mathrm{r}\mathrm{y}$
(Beukers, J. Number Theo. 251987 )
( 7)
\S 4 :
(1) $\zeta_{Q}(s)$ :Bernoulli $B_{n}$ $C_{Q,n}$ ? $\zeta(s)$
$B_{n}$ ?
(2) Weyl’s law: ? $\zeta_{Q}(s)$ zero-free region
(3) $\zeta_{Q}(s)$ :zero-fiiee region $\zeta_{Q}(s)\neq 0({\rm Re} s>1)$
?;Lieb-Thirring
?($\mathrm{I}\mathrm{W}$ ) zero-fiiee region
[$\mathrm{I}\mathrm{W}$ :CMP, \S 2 Remark 4]
(4) : Heun
?
(5) (1) : ; $C_{Q,j}$ ? $\mathrm{R}\mathrm{H}$
$\mathrm{M}\mathrm{e}\mathbb{I}\mathrm{i}\mathrm{n}$ RH (D. Bump
et $al$, Math.Z. 2332000 )
$\bullet$ Hurwitz
$\zeta_{Q}(s, x):=\sum_{j=1}^{\infty}(\lambda_{j}+x)^{-\epsilon}$
8 $\mathrm{R}\omega \mathrm{e}\mathrm{r}\mathrm{s}^{\backslash }$ $\mathrm{A}\mathrm{n}\mathrm{d}\mathrm{o}\mathrm{e}\mathrm{V}^{r}\triangleright \mathrm{A}\ \mathrm{e}\mathrm{y}- \mathrm{R}\varphi,$ ($‘ \mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}\mathrm{i}\mathrm{a}\mathrm{l}$ Funcbolls”, Encyclopedia
Math. Appli. 71, Cambridge Univ. Praes, 1999
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$s=0$ 9 :
$n=0 \text{ }(\lambda_{n}+x):=\exp[-\frac{\partial}{\partial s}\zeta_{Q}(s, x)|_{s=0}]\infty$ .
– $\mathrm{d}e\mathrm{t}(Q+x):=$ o(\mbox{\boldmath $\lambda$}n+x) $x=-\lambda_{n}$
[A.Voros, Commun. Math. Phys. 1101987, Kimoto-W., IMRN 17 $2004$]
$\wedge$
$\det(Q+X)$
$\det(Q+x)$ (ladder relation) (
)
$\mathrm{E}$ : $\zeta_{Q}’(0)$ $c_{-1}$ ($srightarrow 1-s$ )
$\bullet$ : Lerch (1894 , Rozpravy \v{C}esk\’e Akad. 3) :
$n=0\text{ ^{}(n+s)=\frac{\sqrt{2\pi}}{\Gamma(s)}}\infty$ .
$\det(Q+S)$ $\zeta_{Q}(s)$ “ ” $\zeta(s)$
$\pi^{-_{2}^{4}}\Gamma(\frac{\delta}{2})$ $\hat{\zeta}(s):=\pi^{-\mathrm{g}}2\Gamma(\frac{s}{2})\zeta(s)$
$\hat{\zeta}(1-s)=\hat{\zeta}(s)$
$\bullet$ $\zeta(s)$ $\zeta(5),$ $\zeta(7),$ $\zeta(9),$ $\zeta(11)$
100 Aliry





$\zeta_{Q}(2)$ $\zeta_{Q}(3)$ [ $\mathrm{D}$]
$n\geq 4$
“ 2 3 ”
9 $s=0$ [N.Kurohwa-
W., The Ramanujan J. (to appear) .]
$1\mathrm{W}$ . Zudilin, Arithmebc of linear $\mathrm{k}$) $\mathrm{m}\mathrm{s}$ invdving odd zeta valuae, J. Th\’eor. $\mathrm{N}\alpha \mathrm{n}\mathrm{b}\mathrm{o}\mathrm{e}\S$ Bordeaux 16 $2\infty 4$
T. Rivoal .
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$\frac{1}{\dot\ovalbox{\tt\small REJECT}_{\mathrm{A}^{\sim}}}\text{ _{ }}\mathrm{z}\mathrm{u}3\theta$ t“ ,
$\underline{\not\geqq \mathrm{r}\varpi}$
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